We locate gaps in the spectrum of a Hamiltonian on a periodic cuboidal (and generally hyperrectangular) lattice graph with δ couplings in the vertices. We formulate sufficient conditions under which the number of gaps is finite. As the main result, we find a connection between the arrangement of the gaps and the coefficients in a continued fraction associated with the ratio of edge lengths of the lattice. This knowledge enables a straightforward construction of a periodic quantum graph with any required number of spectral gaps and-to some degree-to control their positions; i.e., to partially solve the inverse spectral problem.
Introduction
A quantum graph is a pair (Γ, H), where Γ is a metric graph and H is a Hamiltonian on Γ. An intensive study of quantum graphs began in the 1980s along with the technological progress achieved in manufacturing nanosized graph-like objects, for which quantum graphs are suitable models. Besides, quantum graphs are convenient objects for illustrating various quantum effects in a simple setting. These facts attracted the attention of researchers to the subject and led to its fast development during the last three decades. A detailed exposition of both the theory and applications of quantum graphs, together with an extensive list of relevant literature, can be found in monograph [1] .
One of the most important characteristics of any quantum system is the spectrum of its Hamiltonian, which is often referred to simply as "spectrum of the system". The present paper is concerned with spectral properties of periodic quantum graphs. Not surprisingly, periodic graphs have band-gap spectra as other periodic quantum systems. However, they show an anomaly concerning the number of gaps. The Bethe-Sommerfeld conjecture of 1933 [2] says that for every manifold that is periodic in more than one dimension there is a threshold such that all gaps in the spectrum lie below that value; therefore, the number of gaps is bounded. The conjecture was proved for manifolds of dimension 2 or more [3, 4, 5, 6, 7] , but its statement turned out to be invalid for quantum graphs, which are 1-dimensional manifolds.
1 There are numerous counterexamples of graphs that have infinitely many gaps in the spectrum. Such systems can be constructed using the idea of "graph decorations", which was first introduced for combinatorial graphs [8] and then extended to metric graphs [9] . Also, a use of various exotic couplings in graph vertices can generate an infinite series of gaps in the spectrum [10] .
More interestingly, for decades there was not a single known example of a quantum graph that obeys the Bethe-Sommerfeld rule in the sense of having a nonzero finite number of gaps. Indeed, every periodic quantum graph studied in the literature proved to have either infinitely many gaps, or no gaps at all. The very existence of a periodic quantum graph featuring a nonzero finite number of gaps was an open problem until 2017, when an example of a graph with this property was explicitly constructed [11, 12] . The graph had a form of a planar rectangular lattice supporting δ couplings in the vertices, with the edge lengths and coupling strength carefully adjusted. Its construction was inspired by achievements of 1990s [13, 14, 15] .
In view of the result [11] , it is a natural to ask about spectral properties of quantum graphs periodic in three dimensions, such as cuboidal lattices. It is readily seen that there are quantum graphs with 3-dimensional periodicity that have infinitely many gaps in the spectrum, as well as graphs with no gaps at all (we will provide explicit examples in Sections 2. and 3., respectively). The interesting case thus concerns the existence of a periodic quantum graph for which the number of gaps in the spectrum is finite but nonzero.
With a view to establish the existence of such graph and to design an explicit example, we will consider a cuboidal periodic lattice, see Figure 1 . The lattice is parametrized by the edge lengths and by the strength of the δ couplings in the vertices. It will be shown in Section 4. that the number of gaps is closely related to the character of irrationality of edge lengths ratios. The effect of irrationality is studied in more detail in Section 5., where a connection between the continued fraction expansion of the edge length ratios and the arrangement of the gaps is revealed. This explicit result enables a solution of the inverse spectral problem in the sense of constructing a periodic quantum graph featuring a prescribed number of spectral gaps along with the possibility to partially control the distances between the gaps. Our construction is the first example to date of a three-dimensional periodic graph with such property. 
Spectral condition
Consider a periodic lattice with a hyperrectangular cell having edge lengths a 1 , . . . , a d . A choice d = 2 corresponds to a planar rectangular lattice, d = 3 corresponds to the cuboidal lattice, depicted in Figure 1 . Values d ≥ 4 have no such a simple interpretation, but we will use a parameter d during the calculations instead of a concrete number for the sake of generality. We assume free motion of a particle along the edges and a presence of the δ couplings of strength α in the vertices.
The aim of this section is to derive the spectral condition for the system, i.e., the equation determining the spectrum. With regard to the periodicity, the Floquet-Bloch decomposition will be applied. Figure 2 shows the elementary cell of the lattice, together with the notation for eigenvalue components that we will use in the sequel. The figure is plotted for the case d = 3, but the situation in other dimensions is analogous. Since no additional potentials on the edges are assumed, the Hamiltonian acts as ψ → −ψ on each wavefunction component (let us adhere to the usual convention = 2m = 1 for simplicity). The Schrödinger equation at energy E = k 2 > 0 requires the wavefunction to satisfy −ψ = k 2 ψ on every edge of a graph. Therefore, all the eigenfunction components for a given E = k 2 are linear combinations of e ikx and e −ikx . This applies also to the edges constituting the elementary cell, where the wavefunction components can be written as
for j = 1, . . . , d. The δ coupling with parameter α ∈ R in the vertex is represented by boundary conditions
where the left hand side of equation (3) is the sum of (limits of) derivatives taken in the outgoing sense. Substituting (1) into (2) and (3), one obtains
The Floquet-Bloch decomposition is implemented by imposing conditions
Now we use once again (4), this time the equation
, combining it with (7) in order to express C + j in terms of C + 1 . This gives
for j = 2, . . . , d. Equations (8) together with (7) and (6) allow one to express all coefficients C
. When those expressions are substituted into (5), a simple manipulation leads to the following condition:
According to the Floquet-Bloch theory (cf. Sect. 
It is easy to check that for any x ∈ R,
Hence one gets the spectral conditions as follows:
Note that if α = 0 (Kirchhoff boundary conditions, which represent free motion in the vertices), condition (10) is satisfied for every k > 0. Hence we infer: Proposition 1. If α = 0, the spectrum of H has no gaps.
For the sake of convenience, let us set
Using (13) and (14), one can write the spectral conditions (11) and (12), respectively, in the way
Gaps in the spectrum
With regard to the spectral conditions (15) and (16), the gaps in the spectrum of H are determined by the condition
where F (k) and G(k) are functions introduced in equations (13) and (14), respectively. Let us start from analyzing the function F (k).
has the following properties:
(ii) F (k) is strictly increasing in each interval of continuity.
(iii) For each m ∈ N and a j ∈ {a 1 , . . . , a d },
Proof. Function F is a sum of terms 2π aj x tan π 2 (x − x ) with x > 0 taking values ka j /π for j = 1, . . . , d. They are discontinuous exactly at integer values of x, i.e., at ka j /π = m ∈ N. This proves statement (i). Since a term x tan π 2 (x − x ) obviously increases on each its interval of continuity, the same holds true for F , which is a linear combination of such terms with positive coefficients; hence we get statement (ii). Finally, we have tan
hence statement (iii) follows immediately.
In the same manner, one can demonstrate similar features of the function G(k):
(ii) G(k) is strictly decreasing in each interval of continuity.
Theorems 1 and 2 below characterize the positions of gaps for α > 0 and α < 0, respectively. Since their proofs are similar to each other, we will carry out only one of them.
• Each spectral gap has the left (lower) endpoint equal to k 2 = mπ aj 2 for some j ∈ {1, . . . , d} and some m ∈ N.
• A gap adjacent to
is present if and only if
Proof. Lemma 1 implies that in each interval of continuity of F , the values F (k) grow up to infinity. Therefore, the values k obeying the gap condition (17) form at most one connected set in each interval of continuity of F . This connected set is adjacent to the left endpoint of the interval of continuity and does not extend to its right endpoint. Consequently, the left endpoint of any gap is k 2 = (mπ/a ) 2 for some ∈ {1, . . . , d} and m ∈ N.
Moreover, a gap with the left endpoint equal to
the gap condition (19) follows immediately.
Theorem 2. Let α < 0.
• Each spectral gap has the right (upper) endpoint equal to k 2 = mπ aj 2 for some j ∈ {1, . . . , d} and m ∈ N.
As a corollary of Theorems 1 and 2, we obtain an example of a quantum graph with infinitely many gaps in the spectrum: Corollary 1. If α = 0 and all the edge lengths are commensurable, i.e., a j /a is a rational number for all j, ∈ {1, . . . , d}, then the number of gaps in the spectrum of H is infinite.
Proof. According to the assumptions, there exist r 2 , . . . , r d ∈ N and s 2 , . . . ,
Let s be the least common multiple of s 2 , . . . ,
Consequently, the left hand side of condition (19) (case α > 0) and of condition (20) (case α < 0) with = 1 and m = hs vanishes for every h ∈ N. This gives rise to infinitely many spectral gaps adjacent to points (hsπ/a 1 ) 2 for h ∈ N. Notice that the statement holds true for either sign of α.
Finite number of spectral gaps
In view of the Bethe-Sommerfeld conjecture, the most interesting situation occurs when the number of spectral gaps is finite. Let us recall that we have already found a necessary condition for the finiteness of the number of gaps in Section 3.: putting aside the case α = 0 (when the spectrum has trivially no gaps, see Proposition 1), the ratios of some edge lengths must be irrational (Corollary 1). The aim of this section is to find sufficient conditions.
To that end, we will need an appropriate characterization of irrationality. It is convenient to start from a classical notion of Markov constant. The word "constant" is somewhat misleading, because the Markov constant is actually defined as a function of a real argument γ ∈ R as follows:
An (irrational) γ ∈ R is called badly approximable [16, p. 22 ] if there exists a c > 0 such that |γ − p/q| > c/q 2 for all rational p/q. In other words, γ is badly approximable if µ(γ) > 0. Badly approximable numbers form an uncountable set of Lebesgue measure zero in R; see [16, Theorem 5F and Corollary 5G] and [17, Theorem 29] .
We aim at formulating a sufficient condition for the finiteness of the number of gaps in terms of a function that is defined similarly to (21), but takes γ > 0 and does not use the absolute value; namely
Function υ(γ) can be viewed as "finer" than Markov constant in the sense that it distinguishes between γ and γ −1 . While the Markov constant satisfies µ(γ) = µ(γ −1 ) for any γ = 0, values υ(γ) and υ(γ −1 ) can differ. The smaller one of them coincides with the Markov constant,
Formula (23) was derived in [11] , where function υ(γ) ("upsilon") was originally introduced. Ibidem the following basic properties were derived:
(symbols · and · stand for the floor and the ceiling function, respectively). With equations (24) and (25) in hand, we are ready to formulate a condition that guarantees the number of gaps in the spectrum of the lattice graph to be finite. Since the condition depends on the sign of the coupling parameter α, we distinguish the case α > 0 and α < 0 in Proposition 2 and 3, respectively.
there are at most finitely many gaps in the spectrum of H.
Proof. According to Theorem 1, any gap is adjacent to a point (mπ/a ) 2 for some ∈ {1, . . . , d}, m ∈ N. Let be fixed. If there is a gap adjacent to (mπ/a ) 2 , then m satisfies the gap condition (19), i.e.,
The assumption (26) guarantees the existence of a c > 0 such that
Consequently, there obviously exists a j such that
Hence we get, using the estimate x ≤ tan x (valid for all x ≥ 0),
Since the right hand side of (27) is strictly less than υ(a j /a ), inequality (27) can be satisfied for at most finitely many values of m due to property (24) of υ. Consequently, for each ∈ {1, . . . , d} there are at most finitely many gaps adjacent to points (mπ/a ) 2 . The total number of gaps in the spectrum is thus finite as well. (here we intentionally take strict inequality > instead of ≥) for some ∈ {1, . . . , d}, i.e., 
The set of numbers m ∈ N obeying (28) depends on j. If the intersection of those sets (for all j) has infinite cardinality, one can sum (28) over j, which leads to the gap condition (19) valid for an infinite number of integers m. So there are infinitely many spectral gaps, which is the desired result. But if the intersection happens to contain only finitely many m ∈ N, then the existence of infinitely many spectral gaps is not established by this approach. The only exception is the case d = 2, where the sum over d consists of only one nonzero term (notice that the term for j = always vanishes). In this case the assumption α > Proposition 3. Let α < 0. If
Proof. The statement is demonstrated in a manner similar to Proposition 2. Starting from the spectral condition (20) and using the assumption (29), one arrives at the condition
which plays the role of condition (27) in the proof of Proposition 2. Since the right hand side of (30) is less than υ(a /a j ), one can use (25) with γ = a j /a to infer that for any ∈ {1, . . . , d} there at most finitely many values of m obeying inequality (30). Consequently, the total number of gaps in the spectrum is finite.
We conclude this section by a common corollary of Propositions 2 and 3. It says that under certain assumption on the edge lengths of the lattice, the number of gaps in the spectrum becomes at most finite when the δ coupling (repulsive or attractive) is weak enough.
Corollary 2.
If for each ∈ {1, . . . , d} there is a j ∈ {1, . . . , d} such that a j /a is a badly approximable number, then for a sufficiently small |α| > 0, there are at most finitely many gaps in the spectrum.
By assumption, estimate (31) can be made for each ∈ {1, . . . , d}. Consequently,
Then Proposition 2 guarantees that the number of spectral gaps is at most finite for any α ∈ (0, c). Case α < 0 is treated similarly.
Continued fractions and inverse spectral problem
In this section we examine the irrationality in light of continued fractions, which proves to be a very fruitful approach. It will show that the coefficients in the continued fraction expansion associated to the edge lengths ratio can directly govern the arrangement of spectral gaps.
Recall that a continued fraction [17] associated to a γ ∈ R is a representation of the form γ = c 0 + 1 = [c 0 ; c 1 , c 2 , c 3 , c 4 , c 5 , . . .]. The convergents satisfy
The method we are going to develop in this section is simple in principle, but requires a technical treatment that depends on actual values of the parameters. Therefore, in order to keep the presentation as straightforward as possible, we will focus on the case α > 0 and reduce the number of parameters by setting the problem more explicit. Namely, we assume that all edge lengths a 2 , . . . , a d are equal, that is, a 1 = γa, and a j = a for all j = 2, . . . , d, where the ratio γ = a 1 /a 2 is irrational. Moreover, we focus only on those γ that satisfy γ ∈ (0, 1) (i.e., one has c 0 = 0 in (32)) and the terms c j (j ∈ N) in their continued fraction representation (32) attain only two values, say 1 and 2, in the following manner:
if n is even or n = 1; c n ∈ {1, 2} if n is odd.
Our goal is to show that the number and arrangement of 2's in the continued fraction expansion of γ determines the number and positions of gaps in the spectrum of the lattice. Before proceeding further, let us state a criterion for comparing continued fractions, which will be useful in the sequel. Since its validity is easy to see, the proof is omitted. Our analysis will also require estimates of the quantities of type q(qγ − p) for p, q ∈ N:
(ii) If p/q lies between convergents p n−1 /q n−1 and p n+1 /q n+1 of γ, then
Lemma 3. Let γ = [0; 1, 1, c 3 , 1, c 5 , 1, c 7 , 1, . . .], where c 2n+1 ∈ {1, 2} for all n ∈ N. For every m ∈ N, we have:
Proof. (i) A trivial estimate tan x ≥ x, which is valid for any x ≥ 0, gives
If mγ /m is not a convergent of γ, then either mγ /m lies between two convergents of γ that are smaller than γ, i.e.,
or mγ /m satisfies
If ( 
To sum up,
Now we use Proposition 5 (i), which gives
(iii) At first, Proposition 5 (i) is used to estimate the quantity
This estimate combined with a trivial inequality q 2n ≥ q 2 = 2 implies γ − q 2n γ < 1/6. Therefore,
Since tan
where (43) was used.
We will also need a similar result for the value γ −1 : We start from a trivial estimate
and then distinguish 3 possible cases:
(ii) mγ −1 = hp 2n and m = hq 2n for some n ∈ N and h ≥ 2; thus
Proposition 5 (i) allows to estimate γ as follows,
(iii) mγ −1 /m lies between convergents, i.e.,
Then Proposition 5 (ii) implies m|mγ − mγ
In all cases the estimate (44) gives
. Now we are ready to formulate the main result of this section. If the parameter α (the strength of the δ coupling in the vertices) is properly chosen, the number of 2's in the continued fraction expansion of γ is equal to the number of spectral gaps. Furthermore, the positions of 2's directly govern the positions of gaps via the denominators of the convergents of γ. 
Using Proposition 4, we get
Therefore, the right hand side of (45) satisfies, with regard to d ≥ 2 and the assumption aα < 2π
At the same time, according to Lemma 4, the left hand side of (45) is greater than 1/3. Consequently, inequality (45) never holds true; i.e, there are no spectral gaps having lower endpoints at mπ γa 2 for m ∈ N.
(ii) A gap with lower endpoint at mπ a 2 occurs if and only if
Lemma 3 gives the following estimates on the left hand side of (46):
if m = q 2n and c 2n+1 = 2; LHS > 2 5 otherwise.
Regarding the right hand side of (46), the assumptions on α imply that
Therefore, inequality (46), LHS < RHS, is satisfied if and only if m = q 2n and c 2n+1 = 2. In other words, lower endpoints of spectral gaps are exactly the points where n is given by the condition c 2n+1 = 2 and p 2n /q 2n is the 2n-th convergent of γ.
• If γ = [0; 1, 1, 2,1] = (15 − √ 5)/22, the spectrum has only one gap, whose lower endpoint is located at (q 2 π/a) 2 . Since the second convergent of γ is
• If γ = [0; 1, 1, 1, 1, 2,1] = (99 − √ 5)/158, the spectrum has again only one gap, whose lower endpoint is this time located at (q 4 π/a) 2 . The fourth convergent of γ is • If γ = [0; 1, 1, 2, 1, 2,1] = (209 − √ 5)/358, the spectrum has exactly 2 gaps, whose lower endpoints are located at (q 2 π/a) 2 and (q 4 π/a) 2 . Since the 2nd and the 4th convergent of γ are Note that Example 1 gives a constructive proof of the existence of quantum graphs that are periodic in d dimensions (d ≥ 2) and have a nonzero finite number of spectral gaps. In case of d ≥ 3 this is the first such example to date.
Remark 2. In the main theorem of this section (Theorem 3), we restricted our attention to the special choice of γ, namely, γ = [0; 1, 1, c 3 , 1, c 5 , 1, c 7 , 1, . . .] , where c 2n+1 ∈ {1, 2}. Such restriction is made only for the sake of simplicity, because it allowed us to keep the formulations and proofs of Lemmas 3 and 4 rather simple. But naturally, the idea presented here works generally for any γ. The procedure would be analogous: One would examine the quantities q(qγ − qγ ) (separately when qγ /q is a convergent of γ and when it is not a convergent), and similarly for γ −1 . Then one would properly estimate the tangent function in the expression 2 π q 2n tan π 2 (q 2n γ − q 2n γ ) (similarly for γ −1 ). In this way one finds "levels" that determine, when compared to the quantity aα/π 2 , the gaps in the spectrum. Roughly speaking, the number and positions of gaps are closely related (although not precisely coinciding) to the number of occurences and the positions of large terms in the continued fraction expansion of γ.
Conclusions
The results of this paper can be summarized in three points. The first one consists in a characterization of the positions of gaps in the spectrum of a quantum graph taking the form of a d-dimensional hyperrectangular lattice for a general d (d = 3 corresponds to a cuboidal lattice). Secondly, we found sufficient conditions on the parameters of the system guaranteeing that the number of spectral gaps is finite. The criteria rest upon the measure of irrationality of edge lengths ratios, which is expressed in terms of the function υ(γ). Thirdly, a connection between the number and positions of spectral gaps and the structure of the continued fraction expansion of the edge lengths ratio was found and explored. This led to a precise specification of the number and locations of gaps in the spectrum of a lattice with two edge lengths related by ratio γ. Although we considered only a γ having a special continued fraction expansion in order to keep the presentation simple enough, the idea is valid generally and its application to other values of γ would be straightforward.
As a by-product, the results provide a constructive proof of the existence of quantum graphs that are periodic in d dimensions for a general d ≥ 3 and have a nonzero finite number of gaps in their spectra. Together with the achievements of [11] on graphs periodic in 2 dimensions, the existence of periodic quantum graphs having a nonzero finite number of spectral gaps is now established in any dimension d ≥ 2.
An open question remains regarding graphs that are periodic in only one dimension, which take the form of an infinite periodic chain (so-called "Z-periodic graphs" [1, Sect. 4.6 and 4.7] ). It is not known whether a Z-periodic graph having a nonzero finite number of spectral gaps exists. No example has appeared in the literature so far, but from a general result, we know that such a quantum graph (Γ, H), if it exists, will have the following two properties [11] :
• Some of the vertex couplings lie outside the scale-invariant class.
